Abstract. In this paper we define a new circularity measure. The new measure is easy to compute and, being area based, is robust with respect to noise. It ranges over (0, 1] and gives the measured circularity equal to 1 if and only if the measured shape is a circle. The new measure is invariant with respect to translations, rotations and scaling.
Introduction
Shape descriptors are a powerful tool for shape classification tasks. Many shape descriptors are already studied in the literature and used in practice. Some of the most known ones are: elongation ( [13] ), convexity ( [9] ), rectangularity ( [10] ), rectilinearity ( [16] ), sigmoidality ( [11] ), etc.
In this paper we define a new circularity measure. Several circularity measures already exist in the literature ( [1, 2, 3, 4, 12] ). Probably the most standard circularity measure (sometimes also called the compactness) is derived from the relation between the shape area and its perimeter. Taking into account that among all shapes with the same area, the circle has the minimal perimeter, someone can conclude that the shape circularity measure C st (S) can be defined as
It is easy to check that the following natural requirements, for such a defined circularity measure, hold:
(a) C st (S) ∈ (0, 1]; (b) C st (S) = 1 if and only if S is a circle; (c) C st (S) is invariant with respect to similarity transformations (e.g. translations, rotations and scaling).
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(d) For each δ > 0 there is a shape S such that 0 < C s t(S) < δ, i.e. there are shapes whose measured circularity is arbitrary close to 0.
Geometric moments will be used in the definition of the new circularity measure. Just to mention that geometric moments are widely used in computer vision, image analysis, or pattern recognition tasks ( [7] ). The (p, q)-moment m p,q (S) of a planar set S is defined by the following:
and has the order p + q. Basic shape features (e.g., size, position, orientation, elongation) are computed from the moments having the order less or equal to two. E.g., m 0,0 (S) equals the area of S while
is the centroid of S. Higher order moments are needed for computing, for example, the orientation of rotationally symmetric shapes ( [14] ) or moment invariants ( [6] ). The normalised (p, q)-moment μ p,q (S) is defined by:
Of course, if the centroid of S is coincident with the origin then m p,q (S) = μ p,q (S) for all p and q. Trivially, m 0,0 (S) = μ 0,0 (S) but in the rest of the paper we will use μ 0,0 (S) rather than m 0,0 (S) for the area of S.
In this paper we show that the quantity C(S) = (μ 0,0 (S)) 2 2π · (μ 2,0 (S) + μ 0,2 (S)) can be used as a circularity measure. We show that the basic requirements (a),(b),(c), and (d) (defined above) are also satisfied by C(S). Several examples are given to demonstrate the behaviour of the new measure and its robustness with respect to the noise.
Let us notice that the quantity μ 2,0 (S) + μ 0,2 (S) (μ 0,0 (S)) 2 is well known from the literature. It is one of the famous Hu's invariants ( [6] ) adopted to be scaling invariant. The same quantity also appears as one of geometric invariants studied in [15] . It is worth mentioning that the moment invariants have been used in many classification tasks, but also some of them are used to measure shape properties.
E.g. [10] uses the projective invariant 4 (see [5] ) to define an ellipcity measure, under the argument that any ellipse can be obtained by applying an affine transform to a circle. Precisely, the ellipcity measure of a given shape S is obtained by comparing I 1 (S) with 1 16π 2 = I 1 (circle). The same paper derives a triangularity measure by the same reasoning and by using I 1 (S) again.
Such defined ellipcity and triangularity measures are adopted to range over [0, 1] and peaking at 1 for a perfect ellipse (i.e. for a perfect triangle). The problem is that, for both measures, if the measured ellipcity (triangularity) equals 1 it is not guarantied that the measured shape is a perfect ellipse (triangle). The measure described here does not have such a disadvantage -it equals 1 if and only if the measured shape is a circle.
The paper is organised as follows. The next section introduces the new circularity measure and proves several desirable properties of it. Section 3 gives several examples which demonstrate the behaviour of the new measure C(S) and illustrate particular situations where C(S) acts differently from the standard C st (S) measure. Comments and conclusion are in the last section.
New Circularity Measure
In this section we define a new circularity measure. Through the paper we assume that all appearing shapes are planar and compact -what is not a restriction in image processing tasks. We start with the quantity μ 2,0 (S) + μ 0,2 (S) (μ 0,0 (S)) 2 and show that it reaches the minimum value of 1/(2π) if and only if S is a circle. Exploiting this fact we will come to a new circularity measure. First, we prove the following theorem.
Theorem 1. Let a given planar compact shape S. Then
Proof. Let a given planar compact shape S whose centroid coincides with the origin. Further, let C be the circle with radius r = μ 0,0 (S) π (i.e. the areas of C and S are the same) and centred at the origin. Trivially:
( i) The areas of the set differences S \ C and C \ S are the same (because the areas of S and C are the same); (ii) The points from C \ S are closer to the origin than the points from S \ C. Or, more formally: Fig. 1 ).
Further, ( i) and (ii) give:
Now, we derive
This proves (2). To prove (3) notice that S and C are both compact and S = C would imply that the inequality (4) is strict. So, S = C implies
2π for all shapes different from circles. This establishes the proof.
Thus, Theorem 1 says that μ 2,0 (S) + μ 0,2 (S) (μ 0,0 (S)) 2 reaches its minimum if and only if S is a circle. This minimum is 1/(2π). Based on this nice property we give the following definition for a new circularity measure.
Definition 1. The circularity measure C(S) of a given shape S is defined as
The following theorem summarises desirable properties of C(S). Proof. The first two items follow directly from Theorem 1.
The third item follows from the fact that μ 2,0 (S) + μ 0,2 (S) (μ 0,0 (S)) 2 is invariant with respect to similarity transformations. So, 1 2π
is also such an invariant.
To prove the last item let us consider a rectangle T (t) whose edge lengths are 1 and t, where t is an arbitrary positive number. It is easy to verify that
A trivial equality: lim 
C(T (t)) = 0 establishes the proof of (d).

Remark. Notice that the measured circularity C(T (t)) = 6 · t π · (t 2 + 1)
is in accordance with our perception. The highest measured circularity C(T (t)) is for t = 1, i.e. among all rectangles, the square has the highest measured circularity. This is as expected. Also, when t → ∞ and t → 0 the measured circularity tends to 0. In those cases the rectangle degenerates into an infinitely long and constant-width strip (t → ∞) or into a line segment (t → 0), and such a measured circularity, tending to 0, seems to be very reasonable.
Experiments Illustrating C(S) Measure
Examples in Fig.2 illustrate how the new circularity measure acts. Ten fish shapes are ranked with respet to their measured C(S) circularity (the numbers given immediately below the shapes). It could be said that the obtained ranking is in accordance with our perception. If the same shapes are ranked with respect to the standard circularity measure C st (S), a different ranking (b)(a)(c)(d)(e)(g)(h)(f)(i)(j) (instead of (a)(b)(c)(d) (e)(f)(g)(h)(i)(j)) is obtained. Such a different ranking is expected. Indeed, the standard circularity measure C st (S) penalises deep intrusions into the shape. Such intrusions (and protrusions) lead to an essential perimeter increase and, consequently, imply a lower measured circularity. That exactly happend here. Shape in Fig.2(a) , has a higher measured C(S) circularity than the shape in 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 
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Several more shapes are presented in Fig.3 . The same reasoning applies. The biggest difference in the measured circularities C(S) and S st (S) are in the case of shapes that have deep intrusions. Ranking (a)(b)(c)(d)(e)(f)(g)(h)(i)(j) by C(S) is replaced by the ranking (a)(c)(e)(f)(i)(b)(g)(h)(j)(d). A highly ranked shape Fig.3(d) by a use of C(S) is ranked the last if C st (S) is applied. The examples in figures Fig.2(e) and Fig.2(f) (i.e. Fig.2(g) and Fig.2(h) ) illustrate how shape deformations could lead to differences in the measured circularity. In both cases the changes in the measured circularity are in accordance with our perception. Figure 4 illustrates the robustness of the new circularity measure C(S). There is an original shape in Fig.4 (a) and three shapes with added different level noise on it (Fig.4(b-d) ). All four presented shapes have very similar measured C(S) circularities even that the fourth shape (in Fig.4(d) ) has a very high level noise added. On the other side, the standard circularity measure C st (S) can cope only with a small level noise. Indeed, the shape in Fig.4(a) has an ≈ 2.3 times higher measured circularity than the shape in Fig.4(d) . Such a big difference in the measured circularity C st (S) is caused by a high level noise in Fig.4(d) and by the fact that C st (S) strongly depends on the perimeter of S. 
Conclusion
In this paper we introduce a new circularity measure C(S) defined as
Such a defined measure enables an easy and straightforward computation ( [8] ) -only the moments having the order up to two are required. Being area based, the new circularity measure is robust with respect to the noise. It ranges over (0, 1] and gives the measured circularity equal to 1 if and only if the measured shape is a circle. The new measure is invariant with respect to translations, rotations and scaling. Several experimental results are provided to illustrate the behaviour of the new measure. The experimental results are in accordance with theoretical considerations and with our perception how a convexity measure should act.
